Based on the Ritz method, this paper focused on the free vibration of functionally graded (FG) spherical torus with uniform variable thickness along axial direction under different boundary conditions. e first-order shear deformation theory (FSDT) is employed to formulate the analytical model. e method involves partitioning of the spherical torus structure into proper shell segments in order to satisfy the computing requirement of high-order vibration responses according to the domain decomposition method. e two adjacent segments are connected by using the penalty method, where penalty parameters are defined by the artificial springs; the continuity condition and different boundary conditions can be obtained by assigning the appropriate values of springs. e displacement functions' components are double mixed series, in which Fourier series and unified Jacobi polynomials, respectively, represent displacement function along circumferential direction and axial direction. en the Ritz method is used to obtain final solutions. e numerical results obtained by the proposed method show great agreement with previously published literatures and those from the finite element program ABAQUS. e effects of boundary conditions and geometric parameters on the vibration responses of the structure are also presented. e most novelty of this paper is to generalize the selection of admissible displacement functions by using Jacobi polynomial.
Introduction
e functionally graded material has been widely utilized to make up various shells since the conception of it was first presented in 1984 [1] , the FG spherical torus structures occupy an important position in practical engineering fields such as architecture and machine due to their excellent mechanical properties. In practical applications, these shell structures are usually subject to dynamic loads which may cause vibration and structural damage unless a sufficient vibration characteristic research has been done at the design stage. Furthermore, the boundary restraints of the variable thickness FG spherical torus are often abundant and diverse in actual working process. According to this background, the main purpose of the research is to propose a unified solution formulation to study the free vibration characteristics of FG spherical torus with uniform variable thickness along axial direction under general boundary restraints.
Much attention has been devoted over the years to investigate the dynamic characteristics of spherical shell structures, and a large number of numerical and analytical approaches have been presented to carry out the vibration behaviors from the existing literatures, such as the generalized differential quadrature (GDQ) method [2] [3] [4] [5] , the Ritz method [6] [7] [8] [9] , the separation of variables method [10, 11] , and the finite element method (FEM) [12] [13] [14] [15] [16] [17] . In addition, many studies have been focused to obtain the vibration solutions of FG spherical shell. Su et al. [18] put forward an accurate formulation to study the free vibration of FG spherical shell structures subjected to general edge restraints according to FSDT, and the admissible functions consist of standard Fourier cosine series. Wang et al. [19, 20] demonstrated the application of Ritz method for vibration analysis of FG shell structures under different edge restraints. On the assumption that the material properties vary consecutively along the direction of shell thickness, Qu et al. [21] proposed a unified solution to analyze the free vibration of FG spherical shells under arbitrary boundaries based on the FSDT. Li et al. [22] [23] [24] used a semianalytical method to analyze the free vibration characteristics of FG shells of revolution. Tomabene and Viola [25] carried out a great deal of studies on the vibration solutions of FG spherical shell structures by applying the GDQ method. Considering the stretching and predominantly flexural vibration, Reddy and Cheng [26] discussed the effects on natural frequencies of FG spherical shallow shell by applying the classical theory and the first-order and third-order shear deformation theories. In the framework of the higher-order shear deformation theory (HSDT), Neves et al. [27] investigated the free vibration behaviors of FG shell structures, in which the expressions of motion and the boundary restraints were acquired by Carrera's unified formulation. Kar and Panda [28] analyzed the vibration characteristics of FG spherical shell structure based on the HSDT, and the analytical model is discretized by using quadrilateral Lagrangian element.
Some literatures relevant to the studies on the vibration characteristics of variable thickness shell structures are as follows. Based on Flugge thin shell theory, El-Kaabazi and Kennedy [29] predicted the vibration frequencies and mode shapes of variable thickness cylindrical shells by applying the dynamic stiffness method (DQM). e transfer matrix method was proposed by Liu et al. [30] to analyze the vibration responses of conical shell with variable thickness. Qu et al. [31, 32] put forward a domain decomposition method to investigate the vibration behaviors of stepped shell structures with various step numbers. Considering two sets of edge restraints, Wei et al. [33] applied the Rayleigh-Ritz method to calculate the vibration solutions of the stiffened hollow conical shell structures with different variable thickness distribution modes. Kang and Leissa [34] analyzed the free vibration characteristics of shell structures of revolution with variable thickness by using Ritz method. According to GDQ method, Xiang and Yang [35] performed the vibration characteristics of FG beam with variable thickness, and the free vibration characteristics of variable thickness shells were systematically studied by Jiang and Redekop [36] . Nejad et al. [37] reported the vibration characteristics of functionally graded cylinder shells with variable thickness by applying the FEM method. More detailed descriptions about vibration behaviors of related structure can be found in references [38] [39] [40] [41] .
rough the aforementioned literature review, it can be easily concluded that the current numerical and analytical methods are abundant to analyze the vibration behaviors of uniform isotropic spherical shells, FG spherical shells, and stepped shell structures under various boundary conditions. However, the existing literature focused on free vibration behaviors of FG spherical torus with uniform variable thickness under general edge conditions are limited, and most of the current studies concentrated on the free and forced vibration of plate or beam structures with uniform variable thickness. Based on this background, it is of great significance to carry out the vibration solutions of FG spherical torus structures with uniform variable thickness subject to general edge conditions. e numerical results obtained by the proposed method show great agreement with previously published literatures and those from the finite element program ABAQUS. e effects of some geometrical parameters on the free vibration behaviors of FG spherical torus with uniform variable thickness along axial direction are also investigated. e novelty of this paper is the unified Jacobi− Ritz formulation to study the free vibration characteristics of stepped FG spherical torus shell with general boundary conditions, and the selection of admissible displacement functions are generalized by using the Jacobi polynomial.
Mathematical Formulation

e Mathematical Model of Uniform Variable ickness FG Spherical Torus.
e mathematical model of uniform variable thickness FG spherical torus is depicted in Figure 1 . R and C s denote radius and geometry center of the spherical torus structures, respectively. θ 0 and θ ζ represent the center angle correspond to the top and bottom of uniform variable thickness FG spherical torus, accordingly. h 0 denotes the thickness of the top structure that related to θ 0 , while h i represents the thickness of the ith segment related to θ i , and the relationship between h i and h 0 is h i � h 0 + (θ i − θ 0 )h 0 /π. e system (θ, φ, δ) is adopted to describe the spherical torus, and respectively represent the axial, circumferential, and normal directions. In addition, the displacements of θ, φ, and δ are, respectively, represented by u, v, and w. As Figure 1 shows, the spherical torus is divided into ζ segments along axial direction, and five groups of artificial springs (k u , k v , k w , k θ , k φ ) are set at both ends of each segment. e continuity condition and the given edge restraints can be simulate by adjusting spring stiffness.
Two kinds of the FG model are considered in this paper, and the essential material parameters of the FG spherical torus are expressed as below:
where E 1 , ρ 1 , µ 1 and E 2 , ρ 2 , µ 2 , respectively, represent Young's modulus, mass density and Poisson's ratios of the ceramic and metallic constituents, and the volume fraction of the ceramic is denoted by V 1 . In present study, two general four-parameter power-law distributions are shown in [42, 43] :
where p(p ≥ 0) is the power-law exponent. e variation of parameters a, b, and c can decide the different power-law distributions.
2 Shock and Vibration Figure 2 shows the variations of the volume fraction through the structure thickness for different values of power-law exponent p. It is obvious that the two type distributions are symmetrical. In addition, the isotropic material can be obtained as a particular case when the value of p is set as infinity or zero. 
Expressions of Uniform Variable ickness FG Spherical
Torus's Energy. In this paper, the FSDT [44] [45] [46] theory is adopted to describe the displacements of the i th segment of the uniform variable thickness FG spherical torus:
where the rotation of transverse normal are represented by ψ i θ and ψ i φ , respectively. e strains of the shell structure in this paper can be written as
where
For uniform variable thickness FG shell in this paper, the Lamé parameters A and B are shown as
en the stresses mentioned above can be written as
where the symbols of σ and τ, respectively, represent normal and shear stresses. e Q ij (δ) (i, j � 1, 2, 6) are defined as follows:
,
Based on the stress integral principle, the force and moment resultants are shown as
where κ is shear correction factor, and it is assumed to the value of 5/6 in the study. e symbols of A ij , B ij , and D ij can be obtained by the following formula:
e strain energy of the select segment for uniform variable thickness FG spherical torus can be expressed from equation (11):
To better represent the relationships between equation (11) and displacements, the strain energy can be expressed as
in which the detailed expressions can be written as
where U i S , U i B , and U i BC can be, respectively, clarified by A ij , D ij , and B ij according to equation (10) . e kinetic energy of the select segment can be shown as
where the dot on the symbols denote the differentiation about time, and I 0 , I 1 , and I 2 can be obtained by the following formula:
en, the boundary potential energy for the uniform variable thickness FG spherical torus can be expressed as
where k t,0 (t � u, v, w, θ, φ) and k t,1 , respectively, represent the spring stiffness value at both ends of the uniform variable thickness FG spherical torus.
In the case of two adjacent shell segments for the structure, the potential energy stored in springs (k u , k v , k w , k θ , k φ ) can be written as
erefore, the total potential energy is shown as below:
2.3. Admissible Displacement Fields. In this paper, the authors aim to improve the selection of displacement admissible functions on the basic of domain decomposition method. us, the authors try to introduce the unified Jacobi polynomials [47] , the value of which are defined in the range of Θ ∈ [− 1, 1]. e Recurrence formulas of Jacobi polynomials can be written as Shock and Vibration 5
where α, β > − 1 and i � 2, 3, . . .. e displacement functions based on Jacobi polynomials can be generalized as
where U m , V m , W m , ψ θm , and ψ φm are unknown coefficients; n and m, respectively, represent the semiwave number in circumferential and axial direction. M is highest degrees of m.
Solution
Procedure. e ultimate Lagrangian energy functions L can be shown as
Differentiate the unknown coefficients of equation (20) , and the formula can be written as
Substituting the formulas mentioned above into equation (21) , equation (22) can be obtained:
where K and M, respectively, represent stiffness matrix and mass matrix, and the symbol Q is the matrix of unknown coefficients. e frequencies of uniform variable thickness FG spherical torus can be obtained by solving equation (22).
Numerical Results and Discussion
In this study, the various edge restraints are represented by the first letter of a word. For example, the free and clamped elastic edge conditions can be represented by the letter F and C. e material properties and geometrical dimensions are chosen as E 1 � 168 GPa, E 2 � 70 GPa,
In addition, other related parameters used in this paper are defined as M � 8, α � 0, β � − 0.5, ζ � 4. e nondimensional frequency is expressed as Ω � ωR
Convergence Analysis.
e convergence study of the current method should be carried out before analyzing the free vibration behaviors of FG spherical torus with uniform variable thickness, and the effects of boundary springs, segment numbers, etc. have been reported in this section. Figure 3 shows the results of FG spherical torus with uniform variable thickness under different boundary parameters. It can be easy to ensure a stable convergence when the stiffness values of connective springs and boundary springs in the range of 10 3 E 1 ∼10 10 E 1 . at is to say, the edge condition is clamped when spring stiffness values are set in this interval. In addition, it should be noted that the edge condition is free when spring stiffness values are less than 10 − 7 E 1 . It means that the edge restraints changing from free to clamped case can be simulated with the spring stiffness values within the range of 10 − 11 E 1 ∼10 10 E 1 . e corresponding spring stiffness values of general edge conditions used in this paper are displayed in Table 1 . Figure 4 exhibits the convergence study of frequency parameter Ω for different segment numbers ζ in FG spherical torus with uniform variable thickness. It is clear that the proposed method converges quickly with the increase of ζ. It can be easy to obtain the great convergence when the segment numbers no less than 3. In other words, it is not necessary to choose a high value of the segment numbers ζ. Considering the solution precision of FG spherical torus with uniform variable thickness, the value of ζ is set as 4 in this study. e relative percentage error of frequency parameter Ω with different axial wave number about various Jacobi parameters in FG spherical torus is shown in Figure 5 , and the results of frequency parameter α � β � 1 are set as the comparative example. It is clear that the different Jacobi parameters have little effect on vibration behaviors of FG spherical torus with uniform variable thickness and the maximum percentage error does not exceed 0.02. at is to say all the Jacobi polynomials have huge advantages in constructing displacement functions. Figure 6 illustrates the frequency parameter Ω with different truncation numbers in FG spherical torus with uniform variable thickness. e results of the first three meridional modes and the lowest four circumferential wave Frequency parameter Ω 10 -6 10 -3 10 0 10 3 10 6 10 -9
Stiffness value of boundary spring k Frequency parameter Ω 10 - 6 10 -3 10 0 10 3 10 6 10 -9
Stiffness value of connective spring k Frequency parameter Ω 10 -6 10 -3 10 0 10 3 10 6 10 -9
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Stiffness value of connective spring k numbers (n � 0, 1, 2, 3) are considered. e result shows apparently that the current method converges quickly with the value of M increasing and stable convergence can be obtained when the value of M is more than 5. at is to say, the high value of M is not requisite in admissible displacement functions. In this study, the value of M is set as 8 to guarantee the stable convergence of FG spherical torus with uniform variable thickness.
Vibration Behavior Analysis of FG Spherical Torus
Structure. Table 2 displays the results for uniform isotropic spherical shell with classical edge conditions, and all the results are compared with published literatures and FEM. Table 3 and Figure 7 illustrate the frequency for isotropic spherical shell with uniform variable thickness along the axial direction with classical edge conditions. e results are compared with those obtained by FEM commercial software ABAQUS. From the comparison study, it should be noted that the results of proposed method are highly unified with those obtained by FEM and published literatures. us, it can be concluded that the current method is capable to carry out the vibration solutions of uniform isotropic spherical shell and isotropic spherical shell with uniform variable thickness along axial direction. Table 4 exhibits the natural frequency of FG spherical torus under general boundary conditions, and all the results are compared with those occurred in Qu [21] and Su [18] . It can be easy to find that the current method has great accuracy in analyzing the free vibration of FG spherical torus structure from the comparative study; that is to say, the current method is very accurate to solve the free vibration of special form of FG spherical torus with uniform variable thickness.
e results of FG spherical torus with uniform variable thickness subject to classical, elastic, and classical-elastic boundary conditions are shown in Tables 5 and 6 and Figure 8 . It is obvious that the frequency parameters have a tendency to rise with the increase of axial modes, while the frequency parameters seems to have no significant change with the increase of circumferential modes. Moreover, it is apparent that the results of the structure subject to clamped boundary condition are higher than those subject to other boundary conditions. In other words, the edge restraints have an apparent effect on the vibration behaviors of FG spherical torus with uniform variable thickness from the examples. Table 7 shows the results of FG spherical torus with uniform variable thickness under different h 0 /R ratio and axial modes, in which five different kinds of h 0 /R are included. It can be seen that the results of the structure tend to rise with the increase of h 0 /R and axial modes when the boundary condition and circumferential mode are fixed. Figure 9 illustrates the frequency parameter curve of FG spherical torus with uniform variable thickness under different h 0 /R ratios. Not unexpectedly, the results of the structure tend to rise with h 0 /R increasing from the examples. In addition, as described in the previous analysis, the frequency parameters can be obviously influenced by different edge restraints.
Conclusions
e aim of this study is to establish a unified semianalytical approach to carry out the free vibration solutions of FG spherical torus with uniform variable thickness along axial direction under general boundary conditions based on Ritz method. e first-order shear deformation theory is employed to formulate the analytical model. e spherical torus structure is artificially divided into proper shell segments to satisfy the computing requirement of high-order vibration responses according to domain decomposition method. e two adjacent segments are connected by the artificial springs, and the continuity condition and different boundary conditions can be obtained by assigning the appropriate values of springs. e displacement functions components are double-mixed series, in which Fourier series and unified Jacobi polynomials, respectively, represent displacement function along circumferential direction and axial direction. en the Ritz method is used to obtain final solutions. e numerical results obtained by the proposed method show great agreement with FEM and those in the previously published literatures. In addition, the effects of boundary conditions and geometric parameters on the vibration responses of the structure are also presented. e most novelty of this paper is the unified Jacobi polynomial which can generalize the selection of admissible displacement functions. erefore, the work of this paper can be used as a basic data to provide reference for future staff of such research.
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